A procedure for measuring the acoustic scattering matrix coefficients of a duct discontinuity for higher order acoustic duct mode propagation conditions is described and tested. The technique requires measurement of pressure waves per mode coming in and out of the discontinuity. Assuming N cut-on modes, the ͑2N͒ 2 scattering matrix coefficients are determined after repeating the experiment for N linearly independent pressure distributions for at least two load configurations. Experiments were conducted for a straight duct and a reactive chamber. A good agreement was found between experiment and theory except near cut-off frequencies. The overdetermination method based on four loads was shown to improve the results. An analytical simulation of the experiment was developed to compute the influence on the ͓S͔ calculation of an error in temperature and total modal pressure assumed to be representative of a real measurement situation. This simulation with a discussion explains the discrepancies between experiment and theory. The test with the chamber shows that the load method fails as expected in determining the coefficients associated to the wave coming in the discontinuity from the open end side because of the property of the middle duct to filter modes making the results very sensitive to uncertainties.
I. INTRODUCTION
Sound propagation in duct systems is a problem of considerable practical interest for automotive, building, and aeronautic industries. A pipe system is usually considered as a network of straight ducts coupled together via various passive elements such as mufflers, bends, T-sections, etc. In order to analyze and optimize sound transmission, reflection, and radiation through and from those basic elements a formalism based on transfer matrix method 1,2 has been developed and most often used by manufacturers to design, for example, exhaust lines and air conditioning circuits. The scattering matrix formalism which uses the traveling wave amplitudes as state variables has been shown to be more attractive than transfer or mobility matrices since it reflects the fundamental waveguide nature of the problem allowing one to develop, for example, a general proposal for analyzing acoustic two-port networks 3, 4 or to deduce acoustic energy dissipation or production in a multiport. 5 Over the years a number of papers have been published on techniques based on two-loads and two source methods to perform measurements of the scattering matrix for plane wave propagation condition. 6, 7 Until now no specific measurement procedure which can be applied in higher order mode propagation conditions has been achieved. Only investigations on experimental methods to measure reflection and transmission matrices of discontinuities in a duct have been conducted. 8, 9 The aim of the paper is to present and test a method to measure the scattering matrix ͓S͔ of a discontinuity for higher order mode propagation conditions. Unlike the reflection or transmission matrices, the scattering matrix of size 2N ϫ 2N ͑N being the number of cut-on modes͒ gives a more complete description of the discontinuity. Indeed it is independent of the open end duct conditions and can then be integrated in computer programs used for the conception of complex duct networks.
In Sec. II, after presenting the definition of the scattering matrix, the theory which the method is based on is described. In Sec. III, the experimental facility, the two duct discontinuities tested, and the procedure which leads to the determination of the scattering matrix are detailed. In the Sec. IV the experimental results are compared with theory for both duct configurations. Moreover an analytical simulation of the experiment is performed to study the sensibility of the ͓S͔ coefficients to some parameters of the experiment such as temperature, microphone locations, and modal coefficients and used to explain some discrepancies observed between experiment and theory.
II. THEORETICAL BASIS

A. Definition of the scattering matrix †S ‡ of a discontinuity
The scattering matrix ͓S͔ of a discontinuity ͑in grey in Fig. 1͒ located between the axial coordinates z L on side I and z R on side II ͑L and R mean, respectively, the left side and right side of the discontinuity͒ and linked to two waveguides is a linear relationship between the incoming pressure wave This matrix, which depicts only the discontinuity, is independent of the upstream and downstream acoustic conditions and is filled by ͑2N͒ 2 coefficients:
S mn,pq kl , k,1 = 1,2 and m,n,p,q = 1,2, ... ,N.
The physical meaning of each elementary matrix is as follows: ͓S mn,pq
11
͔ NϫN is the reflection of the wave coming in the element from the left side; ͓S mn,pq
21
͔ NϫN is the transmission of the wave coming in the element from the left side; ͓S mn,pq
22
͔ NϫN is the reflection of the wave coming in the element from the right side; ͓S mn,pq
12
͔ NϫN is the transmission of the wave coming in the element from the right side.
B. Theory of the procedure to measure the scattering matrix †S ‡ of a discontinuity
In no flow conditions, the fluid is assumed to be ideal and linear acoustic theory to be valid. As the discontinuity under test is connected to and between two hard wall cylindrical ducts with radius a ͑main duct͒ at axial coordinates z L and z R ͑Fig. 1͒, the acoustic pressure distribution in the main duct is written 11 in cylindrical coordinates ͑r , ⌰ , z͒ as
where ⌿ mn a ͑r , ͒ = J m ͑ mn / a͒e im are the eigenfunctions; the integers m and n are, respectively, the angular wave number and the radial number ͑m =0, n = 0 is the plane wave͒; J m is the Bessel function of the first kind of order m; mn / a is the nth root satisfying the radial hard wall boundary condition on the wall of the main duct J m Ј ͑ mn / a͒ =0.
The total modal pressure coefficients P mn ͑z͒ in the cross sections located at axial coordinates z L and z R are given by the following relationship:
where pressure waves traveling in the positive and negative z directions are depicted, respectively, in regions I and II by P mn I± ͑z͒ = P mn I± ͑0͒e
±ik mn z and P mn II± ͑z͒ = P mn II± ͑0͒e ±ik mn z . k mn
The ͑2N͒ 2 coefficients of ͓S͔ are solutions of the following system deduced from Eq. ͑1͒:
.
͑4͒
To fill the 2N columns of ͓P out ͔ 2Nϫ2N and ͓P in ͔ 2Nϫ2N , 2N linearly independent modal pressure distributions have to be produced and measured by the experiment in both cross sections located at z L and z R and incident and reflected modal pressure waves separated.
III. THE EXPERIMENTAL SETUP AND DATA PROCESSING
The measurement of ͓S͔ was carried out with the duct facility built under a grant with E.E.C. during the Ducat program, 12 which was already used to measure reflection and transmission matrices. 9 The pressure distributions measured in two closed cross sections before and after the duct under test by two pairs of microphones are Fourier Lommel's transform 13 then the incident and reflected modes are separated. 9 If N is now the number of cut-on modes, a "selective" computation of the 2N ϫ 2N coefficients of ͓S͔ is then performed after a process based on the generation of N independent incident fields for two-or six-load cases depending on the direct or overdetermination procedure is achieved. The load method was chosen instead of the source 7 one because of practical considerations.
A. Hardware
The facility is installed in the anechoic chamber of the University of Technology of Compiegne. The equipment is made of 0.5-m-long duct components with 0.01-m-thick steel wall which all have a 0.148-m internal diameter except of course part of the test duct element. From the left to the right of the schema ͑Fig. 2͒ are shown the following elements:
͑1͒ Absorbent element to avoid reflection upstream. ͑2͒ The source section with three acoustic drivers flushed mounted in a z line. The axial distance between two drivers is 0.15 m. All this section can rotate over 360°. ͑3͒ The measurement duct element I which can rotate over 360°is supporting a boom traversing on the radius with a B&K sound intensity probe attached and directed toward the z axis. The distance between the 1 / 4 in. microphones is 0.054 m according to well-known conditions. 8, 13, 14 ͑4͒ The 0.5-m-long duct element which will be part of the test configuration. ͑5͒ The measurement duct element II is identical to the duct element I.
Noise is radiated in the anechoic chamber through an unflanged inlet duct which constitutes the load. The different load conditions will be created by changing only the length of this duct. Angular and radial displacements are provided by step by step motors. A working station automatically op- erates the rotation of the source section, the choice of the axial source, and the displacements of the probe in the r and ⌰ directions. It also supplies the noise generation to sources and the acquisition through an analog-digital converter of the signals issued from the four microphones.
B. The data processing
The experimental procedure is divided into the following steps:
͑1͒ For each load and source configuration:
͑a͒ Collect the frequency spectra of the total modal coefficients in two closed cross sections located in both measurement duct elements. ͑b͒ Separate the incident and reflected modal pressure vectors.
͑2͒
Postprocess the incident and reflected modal pressure vectors on both sides of the test duct element for the N source configurations and two or several loads to get the in and out wave matrices in z L and z R .
͑3͒ Compute the scattering matrix.
Data collection and reduction
During the first step described in Fig. 3 the acoustic driver is driven with a white noise signal that is band limited to 0 -2700 Hz. For this duct radius and frequency range the total adimensional wave number ka is lower than 3.8. Therefore only N ഛ 5 modes ͑0,0͒; ͑±1,0͒; ͑±2,0͒ are cut-on. The transfer functions between the amplifier and microphone signals provide, after calibration, the amplitude and phase of the local total acoustic pressure normalized by the level of the amplifier. The origin of the z axis is then given by the reference phase that is in the source z axis position. A 240-point discretization of the acoustic pressure field measured in each of the two pairs of cross-section areas is achieved by rotating the measurement duct section at 16 positions equally spaced by 22.5°and displacing the probe to 15 radial positions.
Then modal decomposition by a Fourier-Lommel's transform 8, 13 for m =−7 to +7 and n = 0 to 3 is achieved leading to the cut-on or cut-off complex modal pressure coefficients in both pairs of cross-section areas. The incident and reflected modal vectors are then separated and computed at z L and z R .
All this procedure is repeated for all source configurations and loads. To compute the 100 coefficients of the matrix ͓S͔, at least 10 experiments ͑5 source configurations and 2 loads͒ have to be performed. The 5 source configurations and loads have been chosen 8 to ensure generation of linearly independent input modal vectors. The coordinates of the source and the characteristics of the loads used are given in Table I .
Data postprocessing "Fig. 4…
At the end of the first step the modal coefficient vectors ͕P mn I+ ͑z L ͖͕͒P mn II+ ͑z R ͖͒ of the positive waves and ͕P mn I− ͑z L ͖͒ ϫ͕P mn II− ͑z R ͖͒ of the negative waves are available at each side of the discontinuity for each source and load configurations and the matrices ͓P in ͔ 2Nϫ2N and ͓P out ͔ 2Nϫ2N are filled. The scattering matrix is then deduced from the relationship Eq. ͑4͒ during the second step as shown in Fig. 4 .
Equation ͑4͒ can be solved in two ways:
͑1͒ With the "selective" method, the rank of ͓S͔ is linked to the number of cut-on modes and will then depend upon the frequency. Only the propagating modes are taken into account assuming that the influence of the cut-off modes can be neglected. ͑2͒ With the "global" method, the rank of ͓S͔ is constant being independent of the frequency and fixed in relation to the higher limit of the frequency band studied, i.e., 2700 Hz, N = 5 and the rank of ͓S͔ = 100 in our experiment. The overall modal basis is considered including the nonpropagating modes. Later on in this paper ͑Sec. V C 2͒, the experimental results of the calculation of a ͓S͔ coefficient ͑Fig. 19͒ deduced from both techniques will be compared and show they provide nearly the same result. Therefore the "selective" method has been chosen to solve Eq. ͑4͒. It is well known that this direct method based upon the inversion of the ͓P in ͔ 2Nϫ2N matrix ͓Eq. ͑4͔͒ leads to numerical problems. To avoid this difficulty an overdetermination technique 15, 16 often used to solve a system where the number of equations L ϫ N ͑L Ͼ 2͒ is higher than 2N the number of unknowns was developed. The scattering matrix ͓S͔ is then now deduced from the relationship:
The columns of the rectangular matrices ͓P in ͔ 2Nϫ͑LϫN͒ and ͓P out ͔ 2Nϫ͑LϫN͒ are filled by repeating N experiments associated to N source configurations for L = 4 or 6 load configurations ensuring 8 again that the L ϫ N pressure distributions are linearly independent.
C. The configurations tested
The axial positions z R and z L defined in Fig. 1 correspond, respectively, to the axial coordinates of the two microphones located on each side of the duct under test. Then the duct element for which the scattering matrix is measured is 1 m long including the 0.5-m-long test duct and parts of the measurement ducts. The two discontinuities tested are symmetrical in relation to the duct axis and to the axial centerline. The first configuration is a 0.5-m-long element duct which is identical to the other elements. It has been chosen to become a reference test because its theoretical scattering matrix is well known ͑Appendix B͒ and also because the experimental conditions are more favorable with respect to the stationary wave problem. The second configuration is a reactive type chamber shown in Fig. 5 which introduces more complicated measurement conditions. It is made with the reference 0.5-m-long straight duct in which a 5.5-cm-diam axisymmetric cylindrical duct is mounted.
IV. ANALYSIS OF THE EXPERIMENTAL RESULTS
To analyze the experimental results several theoretical developments have been achieved: ͑1͒ A theoretical calculation of ͓S͔ for both configurations which the experimental results are compared with. ͑2͒ An analytical simulation of the experiment and an error calculation on the determination of ͕P mn I+ ͑z L ͖͒ and ͕P mn I− ͑z L ͖͒ by the separation procedure to discuss the discrepancies between experiment and theory. Among the ͑2N͒ 2 = 100 coefficients ͑N =5͒ of ͓S͔ only typical results for the plane wave and for higher order modes m = 1 and 2 are presented emphasizing the symmetry properties of both discontinuities.
A. Influence of errors
The resulting error on the calculation of ͓S͔ will depend on two things: ͑1͒ the errors in the input measured data, i.e., temperature, transfer functions, and position of the microphones; and ͑2͒ the sensivity to errors in the input data of the calculation formulas, i.e., induct modal decomposition, incident and reflected waves separation, and calculation of ͓S͔.
During a previous study 14 on the influence of errors on the two-microphone separation method assuming plane wave propagation condition, some practical conclusions about the overall length of the duct, the reflective conditions on the source and open end sides were drawn in order to keep error in the transfer function estimate at 1% in the magnitude and 0.6°in phase. Also as a result of this study, a condition on the distance d between microphones which has to be respected in order to avoid a very large sensitivity to errors in input data during the separation procedure was deduced. In our experiment this distance d was chosen equal to 5.4 cm in order to respect this condition leading to an upper frequency limit of 2700 Hz ͑Sec. III A͒. For higher order mode propagation conditions, the sensitivity to the modal decomposition technique in the microphone location and signal to noise ratio was already discussed during previous works. 18 Assuming the technique to be a generalization of this developed for plane wave case 8, 19 the optimal distance of separation was extended to higher order mode propagation conditions. The calculation of error presented in this paper based upon a direct simulation of the experiment described in the following begins by the separation procedure and includes the calculation of ͓S͔, then excluding the sensitivity to errors in the input data to the modal decomposition stage which is therefore considered as a known input data to the simulation program as shown in Fig. 6 . Moreover, an analytical calculation of the error produced by the separation process based on a first-order Taylor expansion of the calculation formulas is presented in Appendix D. Results of this study will emphasize for higher order mode propagation condition the high sensitivity of this step to errors in input data such as temperature and total modal pressure when the frequency becomes very close to the cut-off mode frequency while for the plane wave the sensitivity to the error on temperature can be neglected compared to the error on total modal pressure. 20 Another effect to be considered is the influence from the nonpropagating mode on the measurement of ͓S͔. According to a study which discusses this matter for the plane wave case 14 the microphones should not be placed closer than about 10 mm from the discontinuity or a sample to avoid the effect of near field. For higher order mode propagation condition when the frequency approaches the cut-off frequency the influence of the evanescent mode increases as the "damping" length becomes long. In the present study the modal basis which the decomposition technique is calculated with, includes all modes up to m = ±7, n = 3 whatever the frequency is ͑Sec. III B 1͒ avoiding the influence of the evanescent modes up to the separation step included in the frequency band studied. Another problem is to include in the calculation of the matrix ͓S͔ the conversion coefficients in reflection and transmission from a cut-on mode to a cut-off mode which assumes the modal basis used in Eq. ͑4͒ is extended to the nonpropagating modes. It will be shown in Sec. V C 2 that for an axisymmetric discontinuity in the frequency domain down to the cutoff frequency of the ͑0,1͒ and as the distance between the discontinuity and the measurement cross section is far enough, the influence of the evanescent modes can be neglected. This assumption was already verified in previous studies where reflection and transmission matrices were measured. 8, 9 Then the direct simulation program has provided the calculation of error produced through the matrix scattering formulas for a 5°error on temperature and ͑1°, 5%͒ error on, respectively, the phase and the amplitude of the total modal pressure coefficients measured in both cross section values assumed to be representative of a real measurement situation. Figure 7 shows the duct arrangement used to simulate the experiment. It is made of the duct element located between z L and z R and defined by its theoretical scattering matrix ͓S͔. On the left side of this duct element a semi-infinite duct is supporting the source section and on the right side a finite length duct is radiating outside through an infinite baffled open end. The total pressures in the four cross sections where the microphones are located are then calculated analytically for each source and load configuration listed in Table I Table I ͑Appendix C͒.
B. Theoretical simulation of the experiment
Theory of the simulation
The simulation procedure
The flow chart of the simulation procedure is described in Fig. 6 . Its validation was carried out by introducing the theoretical values of ͓S͔ and verifying that when no errors are assumed the procedure results in the same matrix ͓S͔. The sensitivity of ͓S͔ to errors on the following parameters were then studied by introducing errors on the temperature, modulus and phase of the modal pressure coefficients, and axial positions of the microphones.
C. Experimental results
Straight duct
Influence of the number of loads on the experimental results. The advantage of the overdetermination procedure over the direct method is clear in Fig. 8 where the variations of the transmission coefficient of the plane wave S 00,00 1,2 vs ka for two and six loads are compared with theory. All "instabilities" in the high frequency domain have been avoided when the overdetermination method is performed. As a consequence, all other results presented in the paper were carried out with the overdetermination method with six loads.
Analysis of some ͓S͔ coefficients. The modulus of the transmission coefficients ͓S 00,00 1,2 ; S 00,00 2,1 ͔ and reflection ones ͓S 00,00 1,1 ; S 00,00 2,2 ͔ for the plane wave ͑0,0͒ coming in the discontinuity from the left and right sides respectively, are plotted versus ka up to 3.8 and compared to the analytical results in Fig. 9 . In Fig. 10 the same results are presented for the higher order mode case ͑−1,0͒. At once the three following comments have to be made: for m =0,−1 verifying the symmetry property of the element with respect to its median plan. ͑2͒ The experiment underestimates the theoretical transmission coefficients for both modes near the cut-off frequency, for 1.5Ͻ ka Ͻ 2 and for ka close to 3. Also a slow increase with frequency from 0 at the cut-off frequency to 1 instead of the step function predicted by theory is evident for m = −1. ͑3͒ The experimental reflection coefficients oscillate between 0 and 0.2 reaching higher values near cut-off frequencies in opposite to the theory which predicts no reflection.
FIG. 8.
Comparison with theory for the straight duct configuration of ͉S 00,00 2,1 ͉, the experimental transmission coefficient vs ka of the plane wave mode traveling from the left to the right side deduced from the direct and overdetermination methods.
FIG. 9.
Comparison with theory for the straight duct configuration of: ͑a͒ ͉S 00,00 2,1 ͉ and ͉S 00,00 1,2 ͉ the experimental transmission coefficients vs ka of the plane wave mode traveling, respectively, from the left to the right side and from the right to the left side; ͑b͒ ͉S 00,00 1,1 ͉ and ͉S 00,00 2,2 ͉ the experimental reflection coefficients vs ka of plane wave mode coming in the straight duct from the left side and from the right side, respectively. of a 5°discrepancy on temperature and ͑1°,5%͒ error on, respectively, the phase and the amplitude of modal pressure coefficients in two of the cross-section areas was estimated with the simulation procedure. In Fig. 11 the comparison between simulated and experimental results points out that these coefficients are very sensitive to errors but only in the frequency domain very close to the cut-off mode frequency. In Appendix D, this influence is shown to come from the sensitivity of the separation procedure in the input data such as temperature and total modal pressure explaining only part of the difference between experiment and theory. Indeed the periodic oscillation on the reflection coefficient and the slow variation of the transmission coefficient noticed before on mode m = −1 are not due to errors but caused by a physical phenomenon which is probably, as justified in the following, produced by a vibration of the duct wall. Indeed, the step variation of the theoretical transmission coefficient at the cut-off frequency and the nonreflection assume that the normal velocity on the wall is zero. But it is well known that this condition is not realistic and a coupling between acoustic duct cavity and duct wall vibration always occurs and can become stronger particularly when the frequency approaches by upper values the mode cut-off frequency.
Typical experimental results of the conversion coefficients of mode m = −1 into m = 0 in transmission and reflection for waves coming in the discontinuity from the left and the right sides, respectively, are plotted in Fig. 12 . All coefficients are lower than 0.1 except near the cut-off frequencies of modes. This result verifies the property of axisymmetry of the element which leads theoretically to no conversion between angular modes. Moreover, the couples of curves ͔ are nearly superimposed verifying the assumption of symmetry of the element with respect to its median plan.
The Chamber
The modulus of the transmission coefficients For the plane wave m =0 ͑Fig. 13͒ the agreement between experiment and theory is good but some differences have to be noticed: ͑1͒ For 1.5Ͻ ka Ͻ 2 and around ka = 3 the experimental transmission coefficient is smaller than the theoretical one as already observed before with the straight element and justified by a vibroacoustic coupling. ͑2͒ The symmetry of the discontinuity with respect to its median plan is verified for ka Ͻ 2. The small diameter duct is filtering the pressure distributed on mode m =1 for 1.8Ͻ ka Ͻ 2.51 and m = 2 for 3.05Ͻ ka Ͻ 4.16 ͑Table II͒ leading to a worse signal to noise ratio downstream of the chamber and then noisier coefficients S 00,00 1,2 and S 00,00 2,2 for waves traveling from the right to the left. ͑3͒ Just below ka = 3.8 the cut-off frequency of the mode ͑0,1͒ the shift between experimental and theoretical minima and maxima is produced because the conversion of mode ͑0,1͒ into ͑0,0͒ is not taken into account by the analytical model.
The incident pressure P 10 I+ ͑z͒ on mode m = 1 on the source side is filtered by the chamber for 1.84Ͻ ka Ͻ 2.51 ͑Table II͒. Then in the analysis to follow the results associated to the waves traveling from the left and right sides of the chamber are discussed separately. Indeed Fig. 14 and S 10, 10 1,1 , the transmission and reflection coefficients for waves traveling from the left to the right, agree well with the theory. ͑2͒ For ka up to 2.51 as P 10 I+ ͑z͒ is filtered by the chamber, on the open side the pressure level is very low. The measurements of both coefficients S 10,10 1,2 and S 10,10 2,2 are based on the incoming wave traveling from the right side of the chamber. This pressure wave results from the reflection by the duct inlet of the wave which was already transmitted through the chamber. The pressure coming out on the left side of the chamber which is used to measure S 10,10 1,2 has then been filtered two times. This explains why in this frequency domain the signal to noise ratio becomes so low that such an important discrepancy occurs between experiment and theory and also why this error is more important on the transmission coefficient than on the reflection one. This effect is well reproduced ͑Fig. 15͒ by the simulation of the experiment where it was assumed a 5°discrepancy on temperature and 1°, 5% on, FIG. 13 . Comparison for the reactive duct configuration between theory and experiment of: ͑a͒ ͉S 00,00 2,1 ͉ and ͉S 00,00 1,2 ͉ the transmission coefficients vs ka of mode ͑0,0͒ traveling, respectively, from the left to the right side and from the right to the left side; ͑b͒ ͉S 00,00 1,1 ͉ and ͉S 00,00 2,2 ͉ the reflection coefficients of mode ͑0,0͒ coming in the element, respectively, from the left side and from the right side. respectively, the phase and the amplitude of modal pressure coefficients in the two cross sections. This result emphasizes also that the measurement of this coefficient in this propagation condition is very sensitive to errors on the experimental parameters. ͑3͒ For ka Ͼ 2.51 the symmetry of the discontinuity with respect to its median plan is verified even for the plane wave case because the coefficients which are associated to the waves traveling from the right to the left are noisier than those traveling from the left to the right.
The incident pressure distributed on mode ͑2,0͒ is cutoff by the chamber for all the ka spectrum studied ͑Table II͒. The interpretation of the experimental results ͑Fig. 16͒ developed for the mode ͑1,0͒ when it is cut-off has to be extended for the ͑2,0͒ mode to all ka studied. Indeed the trans- is better determined allowing one to verify the symmetry of the discontinuity with respect to the chamber median plan.
In Fig. 17 are plotted conversion coefficients in transmission and reflection of the mode ͑−1,0͒ into the plane wave. Again the coefficients agree with theory, which predicts a zero value because of the axisymmetry of the geometry but only for the wave traveling from the left to the right. The computation by the simulation program of the conversion coefficients in reflection with errors on temperature and modal coefficients reproduces the experimental curves as shown in Fig. 18 , verifying the high sensitivity of this measurement to uncertainties.
In Fig. 19 , the results of the measurement of ͉S 10,10 2,1 ͉, the modulus of the transmission coefficient versus ka already presented in Fig. 14 , are compared with the results deduced when the modal basis used for the calculation of ͓S͔ includes all five modes in the complete frequency domain meaning that the influence of the evanescent mode is taken into account. As both curves are superimposed, we can deduce that in our test configuration the nonpropagating modes can be neglected.
V. CONCLUSIONS
An experimental procedure was achieved to measure the scattering matrix of a duct discontinuity for higher order mode propagation conditions. Straight and reactive type silencer duct configurations were tested and the experimental ͉ the transmission coefficients vs ka of mode ͑+1,0͒ with a 5°error on temperature and ͑1°,5%͒ error on, respectively, the phase and the amplitude of the modal pressure coefficients.
results compared with theory. The analysis of the results performed mode per mode on the straight configuration showed that the overdetermination procedure with six loads improves the results. An analytical procedure of the experiment was developed and used to point out the sensitivity of the experimental parameters errors on ͓S͔ measurements. Indeed, it was shown to be important but localized very near the mode cut-off frequency. The other differences between theoretical and experimental variations of the transmission and reflection coefficients are explained by the assumption of the nonrealistic theoretical hard duct wall condition. The symmetry properties of the straight duct geometry with respect to the duct axis and its medium plan were verified experimentally.
The experiment with the reactive chamber has pointed out the filtering effect of a reduction of the diameter of the duct on acoustic modal propagation. Experimental and theoretical results agree in the frequency domain where the modes are cut-on in all test configurations. When the modes are cut-off by the smaller diameter duct the experimental results associated to the incident wave coming from the source side also agree with theory. But the method is unable to measure ͓S͔, especially the transmission coefficient associated to the wave traveling from the open end side in this frequency domain. The simulation also shows that, in these conditions, the method is very sensitive to errors leading clearly to wrong results. When the discontinuity is not symmetric with respect to its middle plan, the two source technique or a permutation of the chamber has to be applied to improve the results.
APPENDIX A: CALCULATION OF THE SCATTERING MATRIX FROM A GIVEN TRANSFER MATRIX
The transfer matrix ͓T͔ NϫN of a duct element like this shown in Fig. 1 is defined by
͑A1͒
P and V z are, respectively, the total pressure and the axial acoustic particle velocity vectors expressed versus their modal description by
It is well known that the axial acoustic particle velocity is deduced from the pressure by
with Y mn a = ͑k mn a / 0 c 0 k͒. Developing Eq. ͑A1͒ and replacing these total acoustic quantities versus the incident ͑+͒ and reflected ͑−͒ pressure and axial particle velocities two relationships are deduced:
where
As the scattering matrix is given by Eq. ͑1͒ and using Eqs. ͑A5͒ and ͑A6͒ the expressions of the four elementary matrices of ͓S͔ vs ͓X ± ͔ NϫN and ͓W ± ͔ NϫN are deduced: 
APPENDIX B: CALCULATION OF THE TRANSFER MATRICES OF THE STRAIGHT DUCT AND OF THE REACTIVE CHAMBER CONFIGURATIONS
The scattering matrices of both configurations are deduced from their transfer matrices using the relationships given in Appendix A. Then in the following paragraphs only the transfer matrices of both configurations are calculated.
The straight duct (Fig. 20) .
͑B1͒
Reactive muffler ͑Fig. 21͒. If N modes are cut-on in the main duct with radius a, the transfer matrix of the duct element located between z L and z R is deduced by
͓T a,l a ͔ 2Nϫ2N is the transfer matrix of straight duct with radius a and length l a . ͓T b,l b ͔ 2Nϫ2N is the transfer matrix of straight duct with radius b and length l b . The transfer matrix of an expansion ͓T Exp ͔ 2Nϫ2N is deduced by inversing the transfer matrix of the constriction matrix given by
͓F͔ NϫN and ͓G͔ NϫN are deduced from the continuity boundary conditions on pressure and axial particle velocity in the duct crosssection S where the area modification occurs:
͔͒ is the normalization factor. S a = ͑a͒ 2 and S b = ͑b͒ 2 .
APPENDIX C: COMPUTATION OF THE PRESSURE IN THE TWO PAIRS OF DUCT CROSS SECTIONS DURING THE SIMULATION PROCEDURE OF THE EXPERIMENT
The expression of the incident pressure ͕P mn I+ ͑z L ͖͒ N distributed on N cut-on modes produced by a point source ͑Fig. 6͒ in the semi-infinite duct at z L is given by 8 
͕P mn
where ␣ mn =1/2ik mn N mn a , A S = 1, and S = 0 are, respectively, the phase and amplitude of the point source, S and z S are angular and axial positions of the point source.
The transmission matrix ͓T R ͔ NϫN of the duct element ͑Fig. 6͒ located between z L and z R is defined as a function of the incident and transmitted pressures distributed on the cut-on modes of the main duct by 9 ͕P mn
If ͓R I ͑z L ͔͒ NϫN and ͓R II ͑z R ͔͒ NϫN are the reflection matrices in both cross-section areas located at z L and z R apart from the discontinuity ͑Fig. 7͒ the incident and reflected pressures in z L and z R distributed on cut-on modes of the main duct are related by 
͑C6͒
The total acoustic pressures in the four cross sections located at z L , z L+d , z R , and z R+d are then deduced by adding the incident and reflected pressures: 
͑C8͒
This calculation is performed for q =1, N source configurations ͑z S , S ͒ q and all loads ͑Table I͒.
APPENDIX D: ANALYTIC SOLUTION OF THE ERROR CALCULATION ISSUED FROM THE SEPARATION TECHNIQUE
The complex incident and reflected modal pressures P mn 
ͪ.
If the hard wall reflection condition ͉R mn,mn ͉ = 1 and ⌽͑R mn,mn ͒ = 0 is assumed, mn ± = ±iP mn + and Eq. ͑D2͒ is lead-ing to the relationship which gives the error on the incident and reflected modal pressure relative to the incident modal pressure: 
